The Relativistic Schrödinger Theory (RST) has been set up as an alternative form of particle theory. This theory obeys the fundamental symmetries which are required to hold for any meaningful theory: gauge and Lorentz covariance (RST can be formulated even over a pseudo-Riemannian space-time). But the question is now whether obeying those fundamental symmetries is sufficient for the practical success of a theory, i.e. whether the predictions are in agreement with the experimental findings. In this context, the non-relativistic energy spectrum of positronium has been considered in some precedent papers. Here, the problem is that exact solutions of the RST eigenvalue system cannot be obtained and one has to resort to approximate solutions. For this purpose, a variational method is applied in the present paper which yields the RST groundstate energy smaller than the former results and than its conventional counterpart by some 10%. Such deviations are also observed when one compares the approximate RST spectrum (up to quantum numbers n ≈ 100) to the corresponding predictions of the conventional theory. It seems presently not possible to decide whether those deviations are due to RST itself or are merely due to the applied approximation technique. Thus the practical usefulness of RST must remain unclarified for the moment.
whether obeying those fundamental symmetries is sufficient for the practical success of a theory, i.e. whether the predictions are in agreement with the experimental findings. In this context, the non-relativistic energy spectrum of positronium has been considered in some precedent papers. Here, the problem is that exact solutions of the RST eigenvalue system cannot be obtained and one has to resort to approximate solutions. For this purpose, a variational method is applied in the present paper which yields the RST groundstate energy smaller than the former results and than its conventional counterpart by some 10%. Such deviations are also observed when one compares the approximate RST spectrum (up to quantum numbers n ≈ 100) to the corresponding predictions of the conventional theory. It seems presently not possible to decide whether those deviations are due to RST itself or are merely due to the applied approximation technique. Thus the practical usefulness of RST must remain unclarified for the moment.
RST Eigenvalue Problem
In conventional quantum mechanics, the internal energy spectrum of non-relativistic positronium is obtained by solving the linear two-particle eigenvalue problem
due to the positronium HamiltonianĤ P
Such a linear eigenvalue problem can easily be solved exactly, and the resulting energy spectrum E
conv looks as follows [1] This conventional spectrum (n = 1, 2, 3, 4, . . .) is relatively close to the experimental finding. The remaining experimental deviations from the theoretical predictions (3) are usually traced back to the neglected magnetic and relativistic effects [2] . Thus the picture of positronium appears quite convincing within the framework of conventional quantum theory which itself is conceived as a probabilistic point-particle theory.
However, the observational data do support sometimes also a fluid-dynamic picture of the quantum events so that one is forced to resort to the notorious particle-wave duality [3] . If one wishes to take this kind of duality in earnest, one should feel forced oneself to elaborate the fluid-dynamic aspects of the quantum events to a degree being comparable to the point-particle approach. An attempt pointing in this direction has been undertaken in form of the Relativistic Schrödinger Theory (see ref. [4] and the references cited therein). In the present context of the positronium spectrum, the main difference between RST and the conventional theory concerns the treatment of the electromagnetic interactions between both particles (i. e. electron and positron). Here, the conventional point-particle theory relies on the fixed Coulomb potential (see equation (2) ) and thus does not equip the electric interaction field with a proper dynamical degree of freedom.
Therefore the conventional theory deals only with the matter field Φ( r) as a dynamical variable (see equation (1)) but does not take into account a similar field equation for the electric interaction potential (A( r), say).
In contrast to such a truncating approach, RST adopts the electric interaction field as a truly dynamical constituent of the two-particle system and therefore equips the electric potential A( r) with a field equation of its own, namely the Poisson equation, i. e. for the present static situation
Here, the wave function Φ(r) acts as the source of the electrostatic potential A(r) and obeys itself a Schrödinger-like eigenvalue equation
(for the deduction of these spherically symmetric equations from the general RST dynamics see ref. [4] ). For the purpose of inspecting the groundstate one puts for the principal quantum number n P ( ℓ P + 1) = 1 which somewhat simplifies the matter equation (5).
But the price for including the electric interaction potential A(r) (as a dynamical quantity on the same footing as the matter field Φ(r)) is a considerable complication which prevents one from finding exact solutions of that non-linear eigenvalue problem (4)-(5).
Nevertheless one would like to get at least a rough idea of what kind of energy spectrum does arise from that eigenvalue problem (4)-(5). Here, one possibility is to exploit the fact that those eigenvalue equations can be conceived as the minimal equations due to a certain functional, i.e. the RST energy functional E RST , see equation (8) below. This suggests to apply some variational technique for calculating the desired energy spectrum.
Especially for the groundstate one can consider trial functions for the matter field Φ(r) and the interaction potential A(r) in order to substitute both in the energy functional E RST which thus becomes a function of the variational parameters contained in the trial anstze for Φ(r) and A(r). In the last step one looks for the minimal value, E
[0]
∞ say, of the energy function with respect to the variational parameters and thus obtains a first estimate of the groundstate energy.
Such an estimate should be sufficient in order to see whether (or not) the RST energy spectrum can be close to the conventional spectrum E (n) conv (3). Namely, supposing that the RST energy functional E RST is bounded from below ( finite ground-
RST ), that approximate groundstate energy E
∞ (obtained by means of the variational method) must be higher than the exact but unknown RST groundstate
RST . If now the approximate energy E ∞ turns out to be essentially smaller than the conventional counterpart E
conv , then we have to conclude that the exact RST groundstate energy
RST is even farer away from its conventional counterpart:
RST ≪ E The conclusion is that either RST itself is unapt or the present spherically symmetric approximation, as described below (IV.5a)-(IV.5d) of ref. [4] , is inadequate. In the latter case it seems worthwhile to think about a more adequate version of spherically symmetric approximation in RST. The present result for the whole energy spectrum, see table II below, seems to provide sufficient motivation for such an endeavour.
Principle of Minimal Energy
The present RST eigenvalue system (4)-(5) is evidently of non-linear character because the potential A(r) in the Schrödinger-like equation (5) for the wave function Φ(r) is determined by the wave function Φ(r) itself, see the Poisson equation (4) . It should be a matter of course that such a non-linear eigenvalue system, as constituted by the equations (4)- (5), is much more difficult to solve than its conventional counterpart (1); and an exact solution of (4)- (5) is presently not known so that one has to be satisfied with approximate solutions. Here, a fortunate circumstance is of great help. Namely, the system (4)- (5) represents the extremal equations due to a certain energy functional (E RST [Φ, A], say).
More concretely, the Poisson equation (4) 
and similarly the eigenvalue equation (5) may be considered the extremal equation with respect to the matter field Φ:
Here the energy functional E RST [Φ, A] principally looks as follows
This says that the total energy E RST is the sum of the gauge-field energy E
RST and the energy E (D)
RST being concentrated in the Dirac matter field. In the non-relativistic electrostatic approximation, the gauge-field energy E (G)
RST becomes simplified to the generalized electrostatic field energy E
RST , i. e.
Here, the first part
R is the usual electrostatic field energy
G is a Lagrangean multiplier (λ G , measuring the deviation of the electrostatic field energy E R (10) from its "mass equivalent"
i. e.
One can easily show (by means of the Poisson equation (4)) that the Poisson constraint
G vanishes whenever the potential A(r) is an exact solution of that Poisson equation (4) .
RST of the energy functional E RST (8) measures the energy being located in the Dirac matter field. In the non-relativistic approximation, the Dirac four-spinor degenerates to a simple scalar field Φ(r) which then essentially carries the
Here, the proper matter energy E D (in a state with quantum number ℓ P ) is defined in terms of the non-relativistic scalar field Φ through
and the second part N D is nothing else than the normalization condition on the nonrelativistic scalar field Φ(r):
The Lagrangean multiplier λ D turns out as the energy eigenvalue
Observe also that the present normalization constraint (15) is necessary in order that the electrostatic potential A(r) adopts the standard Coulomb form at infinity (r → ∞).
Indeed, the integral representation of the wanted solution A(r) of the Poisson equation (4) looks as follows
Thus, the behaviour of this potential at infinity (r → ∞) actually is
just as a consequence of the normalization condition (15).
Lowest-order Approximation of the Energy Spectrum
An extremal principle is at hand now in form of the principle of minimal energy, cf.
(6)- (7), which is assumed to associate a unique energy E
RST to any quantum number ℓ P , namely by virtue of its minimal value on the space of trial fields A(r), Φ(r). This fortunate circumstance allows to approximately compute the energy spectrum E
RST where the quantum number ℓ P is to be defined as the principal quantum number n P minus one:
RST (ℓ P = 0, 1, 2, 3, . . .) will first be presented in lowest approximation order and afterwards we concentrate on the ground-
RST , i. e. ℓ P = 0, because thereby does occur a certain curiosity. Namely, the lowest-order groundstate energy is found to coincide exactly with its conventional counterpart E Since in this way both fields A {0} (r) and Φ {0} (r) have been fixed, one can use these fields in order to determine the electrostatic field energy E
{0}
R for the groundstate ℓ P = 0, cf. (10)
as well as the associated mass equivalent M {0} c 2 (11)
The Poisson constraint N (4) is selected, i. e.
Furthermore, the trial wave function Φ {0} (r) is substituted in the matter-energy functional for the groundstate E
so that now both constituents of the RST energy functional E . For the general situation with ℓ P > 0 one thus gets the spectrum E [ℓ P ] , ℓ P = n P − 1, with n P denoting the principal quantum number (of the hydrogen-like spectrum). It is true, the main concern of the present paper refers to the groundstate energy E [0] . However, for the sake of completeness we briefly discuss also the lowest-order approximations of the total spectrum.
The simplest example for the proposed procedure is based on the following (normalized, cf. (15)) trial amplitude Φ
where β is here the sole trial parameter. For this ansatz, the matter energy E
easily found to be of the form
. . Bohr radius , and furthermore the associated solution A
is found as
This potential can now be used in order to calculate the electrostatic field energy E
[e] R (10) which then appears for the present situation in the following form:
For specifying here the potential coefficient ε {ℓ P } pot,1 it is very convenient to pass over to dimensionless objects y, A
This arrangement lets appear the potential coefficient as
Substituting herein the calculated potential (25) yields
Alternatively, one could prefer to work also with the mass equivalent M [e] c 2 (11) which for the present case appears as
with the mass-equivalent coefficient µ
being defined through
Since we are dealing with an exact solution A G (12) is zero
which entails the equality of both coefficients (28) and (31)
But now that all constituents of the RST energy functional E RST , cf. (8), are explicitly known in terms of the trial parameter β, one can express the energy functional as an ordinary function of that trial parameter β:
which yields by means of the results (23) and (26)
According to the principle of minimal energy, the wanted energy spectrum E
is obtained by looking for the minimal value of the energy function E
which fixes the minimalizing value of β to 2βa B = 2µ
Substituting this back in the energy function E {ℓ P } 1 (β) (35) yields for the desired spectrum
≃ −6,8029 · 2µ
see table I.
The most striking element of the precedent results (table I) refers to the groundstate energy (n P = 1 ⇔ ℓ P = 0, first line of table I). Here, the lowest order E
1 of the RST groundstate prediction exactly agrees with its conventional counterpart E 
Though representing a nice result at first glance, this can actually not be considered a success of RST. Whereas E
conv is an exact number in the conventional theory, the numerically identical RST prediction E 1 (39) is only the roughest approximation within the framework of RST. The conclusion is that the corresponding proper groundstate energy must be lower than the conventional energy E (1) conv (3), according to the true spirit of the principle of minimal energy! In order to come closer to this proper RST energy we have to put forward "better" trial functions than Φ {ℓ P } 1 (r) (22), i. e. "better" in the sense that, by their use, the non-relativistic RST groundstate prediction will be found below the conventional result E (1) conv . This conclusion says that the true RST groundstate energy must be distinctly lower than its conventional counterpart E conv (3) . The point here is that the lowest-order RST prediction (39) refers to our special spherically symmetric approximation [4] which naturally must surpass the true RST result. Consequently, the claim of agreement of the proper RST with the conventional prediction (3) is falsified in the non-relativistic domain.
(notation: the "true" RST spectrum refers to the original relativistic RST eigenvalue system in the electrostatic approximation, see equations (IV.5a)-(IV.5d) of ref. [4] .
The "proper" RST spectrum refers to the non-relativistic spherically symmetric approximation hereof, see equations (4)- (5) in the present text, or equations (IV.93)-(IV.96) of ref. [4] . This implies that the proper groundstate energy cannot be smaller than the true groundstate energy!) Energy Predictions E
(38) due to the
The energy values E
(third column) show a deviation of 7% up to 18% from their conventional counterpart E (n) conv (3). The average deviation is 12,2%. These lowest-order predictions can be improved considerably by use of better trial functions, see below.
A First Improvement of the Groundstate Energy (ℓ
In search of a better trial function for the RST groundstate we propose the following (in dimensionless notation):
see Fig.1 . Here, the constant g plays the part of the variational parameter; and the normalization condition (15) can be satisfied for all values of this variational parameter,
i. e. we actually have
The goal is now to set up the corresponding energy function E {0} ∞ (β, g) as a function of the two variational parameters β and g:
Here, both energy contributions, i. e. the matter energy E {0} D,∞ (14) and the electrostatic field energy E {0} R,∞ (10), do appear again in the well-known form
with the kinetic and potential coefficients being defined as usual
Thus the wanted energy function E {0} ∞ (β, g) is found to appear in the following form: 
In contrast to this, the lowest-order wave function Ψ {0} 1 (y) (27c) has a tip at the origin (y = 0) dΨ
but it yields (incidentally) the exact conventional energy E
conv , see table I.
*
The stationary points of that energy function (45) over the two-dimensional configuration space, being parameterized by the pair (β, g) of trial parameters, are determined by the usual conditions
so that the groundstate energy E
∞ is given by
But since the energy function E {0} ∞ (β, g) (45) is a simple quadratic function of the first trial parameter β, the first one (48a) of the two extremalization conditions (48a)- (48b) can be written down immediately and yields the extremalizing value of β as
This relation may now be used in order to eliminate the first trial parameter β from the energy function E {0} ∞ (β, g) (45) which leaves us with a one-dimensional extremalization problem
Since both coefficients ε 
In order to determine the second coefficient ε 
As a brief check of the boundary conditions one lets y tend to infinity and finds
i. e. the dimensionless version of the former limit (17). Furthermore, the potential A 
i.e. at the origin y || y|| = 0
in agreement with the limit (56). Finally, one lets the variational parameter g in (54) tend to zero and thus finds
where A {0} 1 (y) (27b) is nothing else than the dimensionless version of A {0} 1 (r) (25). This result meets with the expectation for the limit g → 0, because in this limit our ansatz Ψ {0} ∞ (y) (40) tends to the former simplest trial function Ψ
and the corresponding potential A 
and must then obtain as a check the Poisson constraint in coefficient form
The result is
With both coefficients ε {0} kin,∞ and ε {0} pot,∞ being now explicitly known as functions of the solely remaining parameter g, one can substitute these results in the reduced energy function E {0} ∞ (g) (51) which thereby adopts the following shape
g + 2 e g (e g −1)
.
The groundstate energy E 
This specific member is characterized through a special value (g * ) of the variational pa-
For this situation (67), the general trial ansatz Ψ {0} ∞ (y) (40) adopts the special form
Of course, this wave function
since the normalization condition (41) is satisfied by all members of the trial set Ψ {0} ∞ (y) (40). Concerning now the energy (
∞ , say) due to the present groundstate ansatz
∞ (y) (68), it should be clear that the energy function E {0} ∞ (g) (51) assumes its minimal value
Here the electrostatic coefficient
pot,∞ is to be deduced from its general form (44b) as
and similarly the kinetic coefficient
Thus, one substitutes that special value g * (67) in the result (52) for ε 
In a quite similar way, one obtains also the value of the electrostatic coefficient
pot,∞ (71), namely by substituting the special value g * in equation (64) which yields
Consequently, the final result (70) is
Recall here that the RST principle of minimal energy establishes a possibility of ranking the various trial ansätze in the sense that the ansatz with the lower groundstate energy is the better one. In this sense, the present ansatz
∞ (y) (68) supercedes all the precedent ansätze of the former papers [4] which predicted a higher groundstate energy. The next step must now refer to the calculation of the excitation spectrum (ℓ P ≥ 1) by proposing an adequate generalization of the present groundstate ansatz (68).
First Improvement for the Excited States
We shall now show that a taller wave function yields a considerable improvement of the RST energy predictions so that the average deviation (from the conventional predictions) shrinks to (roughly) 3/4 of the zero-order predictions of table I. This result says that we have to shape the wave function even taller in order to get that further improvement of our RST energy predictions. For this purpose, we consider now the normalized trial
or rewritten in the dimensionless notation of (27a), (27c):
The latter proposition evidently shows that this is effectively a one-parameter trial ansatz with the real-valued variational parameter ν. Our general procedure means that we first have to set up the corresponding energy function
and the minimal values E
[ℓ P ] 1 of this energy function do then constitute the wanted energy spectrum:
The energy-minimalizing values ν
for any quantum number ℓ P are defined as usual,
Thus, we are left with the problem of determining the potential coefficient Thus the task is now to determine the energy function
(ν) (78) as an explicit function of the second variational parameter ν (the first parameter β is already eliminated).
Turning here first to the kinetic coefficient
and substituting herein our extended ansatz
Of course, the identification of the real number ν with the integer-valued quantum number ℓ P leads us back to the former result ε {ℓ P } kin,1 = 1/4, cf. (23). Next, one considers the numerator of the energy
with the mass-equivalent coefficient
Evidently, before being able to calculate this coefficient, we first have to determine the 
For a quick check of this result one compares it to its integral representation
which surely satisfies the Poisson equation (85) and has also the required Coulomb form at infinity (y → ∞)
namely just on account of the normalization condition on our generalized trial amplitude
On the other hand, the value of this potential ⌢ A {ν} 1 (y) at the origin (y = 0) can immediately be read off also from its integral representation (87) 
Thus, observing the numerical identity of both coefficients 
